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We provide a novel insight in the quantum correlations structure present in strongly correlated
systems beyond the standard framework of bipartite entanglement. To this aim we first exploit
rotationally invariant states as a test bed to detect genuine tripartite entanglement beyond the
nearest-neighbor in spin-1/2 models. Then we construct in a closed analytical form a family of
entanglement witnesses which provides a sufficient condition to determine if a state of a many-body
system formed by an arbitrary number of spin-1/2 particles possesses genuine tripartite entangle-
ment, independently of the details of the model. We illustrate our method by analyzing in detail
the anisotropic XXZ spin chain close to its phase transitions, where we demonstrate the presence
of long range multipartite entanglement near the crtical point and the breaking of the symmetries
associated to the quantum phase transition.
PACS numbers: 03.65.Ud,75.10.Pq,03.67.Mn
I. INTRODUCTION
The characterization of entanglement in many-body
strongly correlated systems has been a very active re-
search area in the last decade (see e.g. Ref. [1] for a
review). Entanglement is expected to be particularly rel-
evant in quantum phase transitions (QPT) and, in or-
der to gather valuable insight, ground states of paradig-
matic spin chain models have been exhaustively analyzed.
First, it was shown in Refs. [2, 3] that for the Ising chain
in a transverse field, pairwise entanglement measured by
the concurrence between nearest (and next-to nearest)
neighbors signals the position of the critical point (but
does not display critical behavior) while is strictly zero
otherwise. The conjecture that, near criticality, entangle-
ment should be present at all length-scales led to the con-
cept of localizable entanglement, which was introduced in
Ref. [4]. For a given N -partite state ρ1 2... N , the localiz-
able entanglement is the maximum average entanglement
that can be made available to two pre-determined parties
(say, spins 1 and 2), by performing general local measure-
ments on the rest of the system. If the correlation length
diverges at criticality, so does the length of localizable
entanglement. However, the converse is not necessarily
true [4].
A quite different approach was considered in Ref. [5],
where the scaling of the entanglement between a given
block of spins and the rest of a chain was analyzed against
the size of the block itself. In such cases, the entangle-
ment between two blocks can be fully determined sim-
ply by considering the von Neumann entropy of a block
(also termed entanglement entropy). In this approach,
contrary to the pairwise case, entanglement is clearly re-
lated to critical behavior. Away from criticality, the en-
tanglement entropy reaches a constant value and shows
logarithmic divergence with the size of the block when ap-
proaching the critical point. Conformal field theory was
used to relate such divergence to the central charge of the
corresponding effective theory, thus linking entanglement
and the universality class of the corresponding QPT. Re-
markably, both the entanglement entropy as well as the
Renyi entropies are functions of the eigenvalues of the
reduced density matrix of the block.
While all previous studies concern exclusively bipar-
tite entanglement (either pairwise or block-block) a full
description of many-body strongly correlated systems
should include multipartite entanglement. Indeed, mul-
tipartite entanglement has been demonstrated in certain
spin models [6–10] and its role in QPT has been long dis-
cussed (see e.g. Ref. [11] and references therein). How-
ever, the study of multipartite entanglement is presently
much less developed in light of its daunting nature and
the lack of appropriate tools. In fact, we even lack gen-
eral measures of entanglement for mixed states of three
spins and it is not possible to extend the concept of en-
tanglement entropy to more than two blocks.
In this paper we analyze long range multipartite en-
tanglement in the vicinity of quantum phase transitions
providing a general method that relies only on three-
point correlators only. The paper is organized as fol-
lows: In Sec. II we briefly review rotationally invariant
states that will be used as the starting point for the con-
struction of a family of entanglement witnesses (i.e., ob-
servables) in Sec. III. We provide a sufficient condition
to assess genuine tripartite entanglement in the ground
state of a many-body system. By relying on the avail-
ability of three-point correlation functions only, our ap-
proach does not depend on the Hamiltonian properties
(type and range of the interactions, symmetries of the
model, lattice geometry), its dimensionality or the ac-
tual choice of the subset of three spins picked from the
lattice. With such tools at hand, we demonstrate that
genuine multipartite entanglement (GME) is highly sen-
sitive to quantum phase transitions. In order to provide a
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2significant context where our formalism can be applied,
we focus on the spin-1/2 XXZ chain. In Sec. IV we
first shortly review the properties of the model. Then
we consider the transition from the XY critical phase to
the ferromagnetic one. It is known that as the critical
point is approached pairwise bipartite entanglement be-
comes independent of the distance between the spins [12].
Here we show that also long range multipartite entangle-
ment emerges in the vicinity of the the critical point. In
this sense we provide a finer-grained entanglement struc-
ture than previous analysis based on collective operators
[8, 9] by proving that entanglement extends far beyond
the nearest-neighbor scale. We summarize our results in
Sec. V.
II. ROTATIONALLY INVARIANT STATES
Our analysis stems from rotationally invariant states of
three qubits, whose entanglement properties have been
unambiguously characterized in Ref. [14] through a set
of scalar inequalities. By projecting a generic state onto
its rotationally invariant subspace, we can also address
GME in non-rotationally invariant states. Equivalently,
one can detect GME by constructing suitable rotationally
invariant entanglement witnesses.
Before proceeding further we review, for completeness,
the characterization of rotationally invariant states. We
then provide a geometrical description of such space and
construct a family of entanglement witnesses.
The class of SO(3) invariant tripartite states ρ is de-
fined as {
ρ : ∀ˆ
n,θ
[
Dj1nˆ,θ ⊗Dj2nˆ,θ ⊗Dj3nˆ,θ, ρ
]
= 0
}
, (1)
where Djinˆ,θ denotes the unitary irreducible representa-
tion of the rotations R(nˆ, θ) from the SO(3) group.
For three qubits, ρ acts trivially in the two subspaces
of total angular momentum 1/2 and the one of 3/2. How-
ever, since in general [ρ,J12] 6= 0 (with J12 = j1 + j2)
the two subspaces with J = 1/2 can be mixed. Denoting
by P1/2,a(b)(θ, φ) the two orthogonal projectors onto the
mixed J = 1/2 subspaces, parametrized by the angles
θ and φ, and by P3/2 the projector onto the subspace
J = 3/2, the density operator can be decomposed as
ρ =
p
2
P1/2,a(θ, φ) +
q
2
P1/2,b(θ, φ) +
1− p− q
4
P3/2, (2)
where 0 ≤ p, q ≤ 1. Hence 4 real parameters p, q, θ, φ de-
scribe the set of three-qubit SO(3)-invariant states. The
construction can be extended to higher spins, although
the number of parameters grows dramatically. For in-
stance, for spin-1 particles 13 variables are required. As
the SO(3) and SU(2) groups are isomorphic, the above
representation can be straightforwardly mapped onto the
one for SU(2) invariant states [14]
ρ =
1
4
∑
k=+,0,1,2,3
rk Rk, (3)
where rk = tr(ρRk) and the factor 1/4 ensures normal-
ization. The Hermitian operators Rk read
R+ = (1+ V12 + V23 + V13 + V123 + V321) /6, (4a)
R0 = (21− V123 − V321) /3, (4b)
R1 = (2V23 − V13 − V12) /3, (4c)
R2 = (V12 − V13) /
√
3, (4d)
R3 = i (V123 − V321) /
√
3, (4e)
where Vij is the permutation (or swap) operator acting on
qubits i and j; V123 = V12V23 and V321 = V23V12 are the
two operators which cyclically permute all three particles,
and 1 denotes the identity. The operator R+ (R0) is pro-
portional to the projector P3/2 (P1/2 = P1/2,a + P1/2,b).
The three remaining matrices Ri (i = 1, 2, 3) act on
the four-dimensional subspace of total spin-1/2, follow
the angular momentum commutation rules and are thus
traceless. In order to ensure that Eq. (3) represents a
legitimate state, the coefficients rk must satisfy the con-
ditions
r+, r0 > 0, r+ + r0 = 1, r21 + r22 + r23 6 r20. (5)
III. MULTIPARTITE ENTANGLEMENT
CHARACTERIZATION AND DETECTION
The entanglement characterization of three-qubit
states distinguishes four classes [15–17]: (i) separable
states S of the form ρ = ∑i λi ρ(1)i ⊗ ρ(2)i ⊗ ρ(3)i , (ii)
biseparable states B belonging to the convex hull of
states separable with respect to one of the partitions
1|23, 2|13 or 3|12 denoted by B1, B2, B3 respectively,
and two GME classes (iii) W-type states, and (iv) GHZ-
type states. Each class embraces those that are lower
in the hierarchy, i.e. S ⊂ B ⊂ W ⊂ GHZ. The dis-
tinction between the W-type states and the GHZ-type
ones arises from the fact that for, three qubits, there are
two non-equivalent classes of genuinely entangled states
with representative elements being precisely the W state
|W〉 = 1/√3(|100〉 + |010〉 + |001〉), and the GHZ state
|GHZ〉 = 1√2(|000〉+ |111〉). Elements of one class can-
not be inter-converted into elements of the second one
using stochastic local operations and classical communi-
cations. Therefore, the W and GHZ classes are formed by
convex combinations of states equivalent to |W〉 and of
combinations of states equivalent to |GHZ〉 , respectively.
In Ref. [14], the subsets S and B of the SU(2) invariant
states are fully described in terms of inequalities for the
coefficients rk. In particular, the set S is constrained by
the conditions
1/4 6 r+ 6 1,
3r23 + (1− 3r+)2 6 (r1 + r+)[(r1 − 2r+)2 − 3r22]. (6)
Analogously, the states belonging to the set B1, can be
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FIG. 1: (Color online) Graphical representation of the set of
real rotationally invariant states and its subsets with various
types of entanglement in the space of dimensionless parame-
ters r0, r1, r2. (a) Separable and (b) biseparable states. (c)
A horizontal cut showing the three sets of biseparable states,
their convex hull and the tangent in the point P to the set
representing the witness. (d) Same as in (c) but a vertical is
shown.
shown to fulfill the condition
|m| < 1,
3(r22 + r
2
3) 6 (1− |m|)2 − [(r1 − r+)− |m|]2, (7)
where m = 1 + r1 − 2r+. The corresponding sets B2 and
B3 are found by rotating B1 by ±2pi/3 around the axis r0.
Finally, the set T of genuine tripartite entangled states
is found as the complement of B in the set of all states.
For real Hamiltonians, the above description is further
simplified as their ground states and their reductions are
represented by real density operators. This is equivalent
to setting φ = 0 in (2) or r3 = 0 in (3) and allows us
to visualize the set of rotationally invariant states in the
space r1, r2, r0 (Fig. 1). The complete set is a cone with
symmetry axis parallel to the axis r0. In Fig. 1(a-b) we
depict the set of separable S and biseparable B states, re-
spectively; the complementary volume contains genuine
tripartite entangled states. Fig. 1(c) show a horizontal
section of the cone for a fixed r0 and Fig. 1(d) a vertical
section. We notice that a necessary condition for a state
to be tripartite entangled is r0 > 2/3. Below this value,
biseparable states fill the cone completely.
The above criteria can be extended to all states using
the twirling map that projects each state onto its rota-
tional invariant subspace: Πρ =
∫
G
dU Uρ U† where G
consists of local unitaries U = U ⊗U ⊗U . The following
statements now hold: (i) Πρ is SU(2) invariant (ii) if ρ
is separable then Πρ is separable [19], (iii) if Πρ is bisep-
arable but not separable then ρ is not separable and (iv)
if Πρ is genuine tripartite entangled so is ρ.
The geometrical description of the Hilbert space de-
picted in Fig. 1 facilitates the construction of a multi-
partite entanglement witness, i.e., an observable W such
that tr(Wρ) ≥ 0 ∀ρ ∈ B, and there exists at least
one state ρ ∈ T such that tr(Wρ) < 0. It is suffi-
cient to choose a witness of the form W =
∑
i ciRi,
where i ∈ {+, 0, 1, 2}, so its expectation value with a
rotationally invariant state simplifies to a scalar prod-
uct tr(Wρ) =
∑
i ciri ≡ c· r. We determine c using the
geometric description of the witness as a plane intersect-
ing the cone of rotationally invariant states and tangent
to the set B at the point P with normal vector uˆ [see
Fig. 1(d)]. We find tr(Wρ) = uˆ· (r − P ) and, from the
definition of c, we obtainW = u0R0+u1R1+u2R2−uˆ·P .
The witness plane is calculated with P at the midpoint
of the line between the biseparable subsets B2 and B3. It
also clearly depends on the choice of r0. In fact
W (r0) =
(
1 +
√
3
2
2− 3r0√
−1 + 4r0 − 3r20
)
R0
− R1 −
( √
3(1− 2r0)
2
√
−1 + 4r0 − 3r20
+
1
2
)
1. (8)
The witness can then be rotated about the r0 axis by
±2pi/3 to obtain witness planes tangential to B on the
lines between B1 and B2, or B1 and B3, respectively. The
explicit derivation of Eq. (8) and the demonstration that
W is a witness can be found in the Appendix A.
IV. ENTANGLEMENT IN THE SPIN-1/2 XXZ
MODEL
Let us now focus on the study of GME in an open chain
of size N described by the XXZ Hamiltonian
HXXZ =
N−1∑
i=1
[
J(σxi σ
x
i+1 + σ
y
i σ
y
i+1) + λσ
z
i σ
z
i+1
]
, (9)
where λ is the anisotropic parameter. For lattices with
even N (and also in the thermodynamic limit) the sign
of J is irrelevant since it is possible to change σxi →
−σxi and σyi → −σyi for all even (odd) sites, thus the
Hamiltonian is SU(2) invariant for λ/J = ±1. For any
value of λ, HXXZ is U(1) invariant. For non-bipartite
lattices (or odd N) geometrical frustration can appear.
In what follows, we assume without loss of generality that
J = 1.
The complete phase diagram of the model is well
known: the ground state is ferromagnetic for λ ≤ −1,
XY-critical for −1 < λ < 1, and Ising-antiferromagnetic
(Néel) otherwise. At λ = −1 a first order transition sepa-
rates the ferromagnetic and critical phases. This point is
4à
à
à
à
à
à
à
à
à
à
à
à
à
à à
àà à
à
ò
ò
ò
ò
ò ò
ò
ò
ò
ò ò ò ò ò òòò ò ò
ô
ô
ôôô
ô
ô ô ô ô ô ô ô ô ôôô ô ô
æ
æ
æ
æ
æ æ æ æ æ æ æ æ æ æææ æ æ
ôôô
ô ô
àà
à
à à à à à à à à à à ààà à à
æ
ææ
-1.0 - 0.5 0.0 0.5 1.0 1.5 2.0
0.0
0.1
0.2
0.3
0.4
Λ
C
HΡ
x
x
+
r
L
à
à
à
à
à
à
à
ò
ò
ò
ò
ò ò
ò
ô
ô
ô
ô ô
ô
ô
æ
æ
æ æ
æ
æ æ
ô ô
ô
ô
ô ô
à
à
à
à à à
æ
æ
æ æ
- 0.9 - 0.8
Λ0
0.05
0.1
à
ò
ô
æ
ô
à
æ
12
13
14
15
16
17
18
FIG. 2: (Color online) Concurrences of a reduced state of
two non-adjacent spins (x, x + r). For N  1 all the con-
currences collapse to the same value: 1/(N − 1) close to
the isotropic ferromagnetic point (λ = −1+). The reduced
density matrices have been calculated using DMRG simu-
lations with N = 192. For convenience the spin arrange-
ments are denoted as 12, 13, . . . (corresponding to a pair of
nearest-neighbor spins, next to nearest-neighbor spins, etc.),
however the entanglement is studied close to the middle of
the chain. In the chain of length N the spins correspond to
xx+1, x x+2, . . . with x = N/2− 3. The plotted quantity is
dimensionless.
not conformal and has recently attracted some attention
[12, 13]. Here we focus on the multipartite entanglement
content in the vicinity of this phase transition. Before
proceeding further, notice that at λ = −1 the highly
degenerate ground state is in the SU(2) isotropic ferro-
magnetic multiplet spanned by any state with maximum
total angular momentum J : |J = N/2, Jz〉 for all possi-
ble values of Jz. Neither of these states exhibit finite size
corrections to the energy per site, nor are they rotation-
ally invariant. However, each of them corresponds to a
symmetric Dicke state, i.e.,∣∣∣∣J = N2 , Jz = 2k −N2
〉
=
1√
CNk
∑
P
∣∣∣P(1(k), 0(N−k))〉 ,
(10)
with k subsytems in the state |1〉 and the remaining in the
state |0〉; P are the elements of the permutation group,
CNk is the binomial coefficient, and {|1〉 , |0〉} is the com-
putational basis (spin up, spin down). Thus, the inter-
change between any two spins leaves the corresponding
Dicke state unchanged and by construction any linear
combination as well. In the region −1 < λ < 1, the to-
tal spin, J , is not well defined but Jz = 0. In the limit
λ → −1+ the ground state was found numerically to be
an equally weighted superposition of all the elements of
the standard basis within the sector Jz = 0 [12]. Finally,
notice that for λ = +1, the ground state is a rotationally
invariant singlet with J = 0.
We now analyze the entanglement content of the model
by computing both the bipartite concurrence CN (ρi i+r)
of two qubits at distance r as well as the mean value of
(a)
àààà
à
à
à
à
à
à
à
à
à ààà à
à
òòòò ò
ò
ò
ò
ò
ò
ò ò
ò òòò ò
ò
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æææ æ
æ
ôôô
ô
ô
ô
ô
ô
ô
ô
ô
ô ô
ôôô ô
ô
àà
à
à
à
à
à
à
à
à
à
à ààà à
à
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æææ æ
æ
-1.0 - 0.5 0.0 0.5 1.0 1.5 2.0
- 0.2
- 0.1
0.0
0.1
0.2
0.3
0.4
0.5
Λ
m
in
i8
Tr
@W
i
Ρ
x
x
+
1
x
+
r
D<
à
à
à
à
ò
ò
ò
ò
ò
æ
æ
æ
æ
ô
ô
ô
à
à
æ
- 0.98 - 0.96
Λ
-2.0
-1.0
1.0
´10- 3
à
ò
æ
ô
à
æ
123
124
125
126
127
128
(b)
ààà
à
à
à
à
à
à
à
à
à à
ààà à
à
òòò
ò
ò
ò
ò
ò
ò
ò
ò
ò ò
òòò ò
ò
ææ
æ
æ
æ
æ
æ
æ
æ
æ
æ æ
æææ æ
æ
ôôô
ô
ô
ô
ô
ô
ô
ô
ô
ô ô
ôôô ô
ô
à
à
à
à
à
à
à
à
à
à
à ààà à
à
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ æææ æ
æ
-1.0 - 0.5 0.0 0.5 1.0 1.5 2.0
0.0
0.1
0.2
0.3
0.4
0.5
Λ
m
in
i8
Tr
@W
i
Ρ
x
x
+
r
x
+
s
D<
à
à
à
à
æ
æ
æ
ò
ò
ò
ô
ô
ô
à
à
æ
æ
- 0.98 - 0.96
Λ
-1.0
1.0
´10- 3
æ
à
ò
ô
à
æ
135
136
137
138
147
148
FIG. 3: (Color online) Mean value of the rotationally-
invariant entanglement witness detecting genuine tripartite
entanglement for reduced states of three non-adjacent spins
(a) (x, x + 1, x + r) (b) (x, x + r, x + s). As λ → −1+ (see
the insets) GME is detected in all the arrangements depicted
in (a), and those shown in (b) except for (135), (137). The
reduced density matrices have been calculated using DMRG
simulations with N = 192. For convenience the spin arrange-
ments are denoted as 123, 135, . . ., however the entanglement
is studied close to the middle of the chain. The plotted quan-
tities are dimensionless.
the entanglement witness (8), tr(Wρi j k), for three qubits
(i, j, k). Concurrences can be analytically obtained in
the SU(2) multiplet after realizing that any reduction
of a multipartite symmetric Dicke state |N/2, k〉 is also
symmetric, i.e. independent of r and i, and read [20]:
CN (ρi i+r) = 2max(0, ρ01,01 −√ρ00,00ρ11,11) (11)
=
(N2 − 4J2z )−
√
(N2 − 4J2z )[(N − 2)2 − 4J2z ]
2N(N − 1)
since the only non-zero matrix elements ρi i+r are the
symmetric ones given by ρ00,00(ρ11,11) = (N ± 2k)(N −
2 ± 2k)/(4N(N − 1)), ρ01,01(01,10)(10,01)(10,10) = (N2 −
4k2)/(4N(N − 1)). As previously noted, the value of the
concurrence for large N is very small and close to the ex-
act value CN = 1/(N−1) achieved for Jz = 0 (k = N/2).
Thus, for large N , all members of the SU(2) multiplet
5(except the trivially separable |N/2,±N/2〉) have equal
concurrences which tend to zero in the thermodynamic
limit.
Let us now discuss our results. We compute the ground
state ofHXXZ for the whole phase diagram using the den-
sity matrix renormalization group (DMRG) [21] for open
chains of up to 192 sites (We have checked that the ac-
curacy of the results does not depend on the size of the
chain). From the ground state, we construct the reduced
density matrix of either two or three spins (not neces-
sarily adjacent) close to the centre of the chain to avoid
edge effects. We then calculate the corresponding con-
currences as well as the tripartite entanglement by means
of the entanglement witness (8) for the whole phase di-
agram. There exist suitable multipartite entanglement
witnesses that detect GME of adjacent sites for two-body
models [9, 10] or global GME of Dicke states [22, 23]. Our
method, however, allows us to choose our reduced system
at will without imposing further symmetries. Our results
are summarized in Fig. 2, where we display C(ρi i+r) for
different values of r as a function of λ, particularly near
the isotropic point λ = −1. In accordance with pre-
vious results based on bipartite measures [12], we ob-
serve that close to the isotropic ferromagnetic point (i.e.
λ = −0.999) all concurrences for N  1 collapse to
the same value 1/(N − 1). To investigate whether or
not this feature of bipartite entanglement is also shared
by the multipartite structure, we investigated the min-
imum mean value of the witness tr(Wρi i+r i+s) for dif-
ferent spin arrangements (the spin i is near the middle
of the chain to avoid edge effects). For adjacent sites
(i, i + 1, i + 2) we recover previous results [9], indicat-
ing the presence of GME for λ > −1 (see Fig. 3(a)).
Long-range GME is also detected by the witness for other
spin-arrangements (i, j, k) when at least two site indexes
have different parity (see Fig. 3(b)). Our results pro-
vide evidence that (i) distant multipartite entanglement
is present in the system; (ii) the global SU(2) symmetry
is already broken very close to the QPT, evidencing the
sensitivity of GME to the fine ground state structure.
V. SUMMARY
As we demonstrated for the ground state of the XXZ
model, the method we provide is not restricted to SU(2)
invariant states and can be applied to any 3-qubit states.
It can also be extended to ground and thermal states of
spin-1/2 Hamiltonians in any lattice geometry, not only
1D. Notice however that while the detection of GME for
SU(2) invariant states is unambiguous, the negativity of
the expectation value of the witness 〈W 〉 is in general
only a sufficient condition for GME.
We have constructed a witness for genuine tripartite
entanglement that, although explicitly designed for rota-
tionally invariant states, is useful to assess the multipar-
tite quantum correlations of states lying outside such a
class. Our method is general and can be used together
with analytical or numerical methods, e.g. DMRG, exact
diagonalization, quantum Monte Carlo or, more gener-
ally, any technique yielding three point correlation func-
tions. We have used such a tool to gather insight into
the structure of quantum correlations of the many-body
ground state of a spin chain close to a first order quan-
tum phase transition, beyond the standard framework of
bipartite entanglement (see also [24]).
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Appendix A: Construction of the witness operator
A plane tangent to the surface of the set of biseparable
states is uniquely characterised by a point P and a nor-
mal unit vector uˆ. We choose the point lying on the line
between sets B2 and B3 (later denoted by `) and define
a curve parametrized by r0 as
P (r0)=
[
r0,
−1 + 2r0 +
√
3
√
−1 + 4r0 − 3r20
2
, 0
]
(A1)
with r0 > 2/3. Then the normal vector uˆ is the cross-
product of the vector tangent to the curve P (r0):
v1 =
d
dr0
P (r0) =
[
1, 1 +
√
3
2
2− 3r0√
−1 + 4r0 − 3r20
, 0
]
,
(A2)
and the vector v2 = (0, 0, 1) parallel to the `. Therefore,
we have
uˆ =
v1 × v2
‖v1‖
=
1
‖v1‖
[
1 +
√
3
2
2− 3r0√
−1 + 4r0 − 3r20
,−1, 0
]
.(A3)
Substituting Eq. (A3) in the expression of the witness:
W = u0R0 + u1R1 + u2R2 − uˆ·P , (A4)
6we obtain the unnormalized witness in the following form
W (r0) =
(
1 +
√
3
2
2− 3r0√
−1 + 4r0 − 3r20
)
R0
− R1 −
( √
3(1− 2r0)
2
√
−1 + 4r0 − 3r20
+
1
2
)
1. (A5)
The other two witnesses obtained by rotation of the wit-
ness plane by ±2pi/3 are
W (r0) =
(
1 +
√
3
2
2− 3r0√
−1 + 4r0 − 3r20
)
R0
−
(
1
2
R1 ±
√
3
2
R2
)
−
( √
3(1− 2r0)
2
√
−1 + 4r0 − 3r20
+
1
2
)
1.
By construction the operator W is positive for all
biseparable rotationally invariant states, even those with
an imaginary component since tr(WR3) = 0. Further-
more, W is an entanglement witness for genuine tripar-
tite entangled states, i.e., it is positive for all bisepara-
ble states. For this purpose it is enough to show that
〈ef |W |ef〉 ≥ 0 for all |ef〉 being product vectors with
respect to bipartitions 12|3, 1|23, 13|2. Without loss of
generality we focus on the specific partition and have:
〈e12f3|W |e12f3〉 = 〈e12f3|
∫
dU U†WU |e12f3〉
= tr(Π |e12f3〉〈e12f3|W ) ≥ 0 (A6)
where we use the fact that W is rotationally invariant
and that the state Π |e12f3〉〈e12f3| is rotationally invari-
ant and either biseparable or separable. Note that Eq.
(A6) establishes equivalence between the biseparability
test based on the witness and the twirling criterion for
all real density matrices.
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